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ELECTROSTATIC FIELDS



Introduction

Before we commence our study of electrostatics, it might be helpful to examine briefly
the importance of such study. Electrostatics is fascinating subject that has grown up
in diverse areas of application.

e Electric power transmission, X-ray machine, and lightning protection are asso-
ciate with strong electric field and will required a knowledge of electrostatics to
understand and design suitable equipment.

e [ he device used in solid-sate electronic are based on electrostatic. These include
resistors, capacitors, and device such as bipolar and field effect transistors, which
are based on control of electron motion by electrostatic fields.

e Almost all peripheral devices, with de exception of magnetic memory, are based
on electrostatic fields. Toch pad, capacitance keyboards, chatode-ray tube, liquid
crystal display, and electrostatics printers are typical examples.

e In medical work, diagnosis is often carried out with the aid of electrostatic, as
incorporated in electrocardiograms, electroencephalograms, and other recording
of the electrical activity of organs include eyes, ears, and stomach.

e In industry, electrostatics is applied in a variety of forms such as paint spraying,
electrodeposition, electrochemical machining, and separation of fine particles.

e Electrostatics is used in agriculture to sort seed, for direct spraying of plant, to
mesure te moisture content in crops, to spin cotton, and for speed baking bread
and smoking meat.



Coulomb’s law and Field Intensity

e Coulomb’s law is and experimental law formulated in 1785 by Charles Augustin
de Coulomb, then colonel in the France army.

e One coulomb is approximately equivalent to 6 x 1018 electron; it is very large unit
of charge because one electron charge e = —1.6019 x 1071° C.

e Coulomb’s law states that the Force F between two carge Q1 and Q> is:
1. Along the line joining them
2. Directly proportional to the product Q1(Q> of the charges

3. Inversely proportional to the square of distance R between them.

Expressed mathematically,

(1)

where k is the proportionality constant whose value depend on the choice of system of
units. In SI unit, charges @1 and Q> are in coulombs (C), the distance R is in meters
(m), and the force F' is in newtons (N) so that £ = 1/4wep. The constant gg as the
permittivity of free space (in farads per meter) and has the value

g0 =8.854 x 10712 ~12 F/mor k=-L m/F

- 36r 4eg



Coulomb’s law and Field Intensity

kQ1Q2  Q1Q2
R AdregR

If point charges 21 and Q> are located at point having position vectors r; and 75, then

the force Fi» on Q> due Q1, is given by

- Q1Q2

F =

Fio = 3
2=t an, (3)
where
Rip =1 — 71 (4)
R =| R1> | (5)
. Rio
ap, = — 6
Rus = (6)
Then, we write eq.(3) as
= Q1Q2 =
Fio = R 7
12 AreoR3 12 ( )

or

_ 1Q2(r2 — 71
471'60 | T —T1 |




Coulomb’s law and Field Intensity

It is worthwhile to note that

e As shown, the force Fb; =| Fis | an, =| Fis | (—ag,,)
or ﬁlg = —ﬁgl

since agr,, = —agr,

e Like charges (charges of the same sign) repel each other, while unlike charge
attract.

e The distance R between the charged bodies ()1 and Q> must be large compared
with the linear dimensions of the bodies; that is, Q1 and Q> must be point charge.

e Q1 and Q2 must be static (at rest).

e The sign of Q1 and Q> must be taken into account in eq.(3) for likes charges
Q1Q> > 0. For unlike charges Q1Q> < O.



Coulomb’s law and Field Intensity

If we have more than two point charges, we can use the principle of superposition to
determine the force on a particular charge. The principle state that if there are N
charges Q1,Q», ..., QN located, respectively, at points with position vectors 71,7, ...,7"N
the resultant force F on a charge @ located at point 7 is the vector sum of the forces
exerted on ) by each of the charge @Q1,Q>, ..., Qn. Hence:

7P QQ1(7 — 1)

n QQ2(7 — 72) TR QAN (7 —7N) (9)
Areg | 7F— 71 |3 4dmeo |F—T2 3 dmeo |[T—7n |3

or

= — Qi(7 — 7)
F = 10
47’(‘50 < | 7= T 3 (10)




Coulomb’s law and Field Intensity

We can now introduce the concept of electric field intensity:

The electric field intensity (or electric field strength) E is the force per unit charge
when placed in an electric field.

Thus
, F
EF=Ilm — (11)
Q—0 Q)
or simply
L, F
E=— (12)
Q

For Q > O, the electric field intensity E is obviously in the direction of the force F and
IS measured in newtons per coulomb or volts per meter. The electric field intensity at
point 7 due to a point charge located at 7 is readily obtained from eqgs.(3) and (12)
as

=9 g,=_ QU-7) (13)
AmeqR? Areg | 7 — 7 |3




Coulomb’s law and Field Intensity

For N point charges @1, Q», ..., Qn lOocated at r1,7,...,7yN, the electric field intensity at
point 7 is obtained from egs. (10) and (12) as

- 1(Fr—m1 o (7 — 7 N(T—TnN
4reg | 77— 71 | Areg | 77— 72 | Areg | 77— TN |
or
, 1 < 7
E = ZQK‘_}(T _}Irk’) (15)
Ameo | 7 — T 3



Electric Field due to continuous charge distribu-
tion

So far we have considered only forces and electric field due to point charges, which
are essentially charges occupying very small physical space. It is also possible to have
continuous charge distribution along line, surface, or in a volume.

It is customary to denote the line charge density, surface charge density, and volume
charge density by p, (in C/m), ps (in C/m?), and p, (in C/m3). These must not be
confused with p (without subscript), used for radial distance in cylindrical coordinates.



Electric Field due to continuous charge distribu-
tion

e For a linear charge density p, (C/m), the elemental charge dQ = p; d¢ and the
differential field at a point P would be

pedl

dE = a (16)

aRr
AmeqR?

The total field at the observation point P is obtained by integrating over the line or
curve L

= p¢ QR
E = dl 17
/L dmeoR? (17)



Electric Field due to continuous charge distribu-
tion

e For a surface charge density ps (C/m?), the elemental charge dQ = psdS and the
differential field at a point P would be

- psds

dE = (18)

apR
47T80R2

The total field at the observation point P is obtained by integrating over surface S

Ps AR
_/47T80R2 (19)



Electric Field due to continuous charge distribu-
tion

e For a volume charge density p (C/m?3), the elemental charge dQ = p, dv and the
differential field at the point P would be

pPudv

dE = a (20)

AmeqR? i

The total field at the observation point P is obtained by integrating over volume v

Pv OR
_/47T60R2 (21)



Problems

1. Point charges 1 mC and —2 mC are located at (3,2,—1) and (—1,—1,4) respec-
tively. Calculate the electric force on a 10 nC charge located at (0,3,1) and the
electric field intensity at that point.

2. Point charges 5 nC and —2 nC are located (2,0,4) and (—3,0,5), respectively.
(a) Determine the force on a 1 nC point charge located at (1,-3,7).
(b) Find the electric field E at (1,—3,7).

3. A circular ring of radius a carries a uniform charge p, C/m and is placed on the
xy-plane with axis the same as the z-axis.
(a) Show that

peah .

E(0,0,h) = .
(0.0.0) = 5 2 + 222

(b) What values of h gives the maximum value of E7
(c) If the total charge on the ring is Q, find E as a — O.

4. The finite sheet 0 <z <1, 0<y <1onthe z =0 plane has a charge density
ps = zy(z? + y2 + 25)3/2 nC/m2. Find
(a) The total charge on the sheet.
(b) The electric field at (0,0,5).
(¢) The force experimented by a —1 mC charge located at (0,0,5).



5.

A square plate described by -2 <z <2, -2 <y <2, z =0 carries a charge 12
|y | mC/m?. Find the total charge on the plate and the electric field intensity at
(0,0,10).

Planes x = 2 and y = 3, respectively, carry charges 10 nC/m? and 15 nC/m?. If
the line z = 0, z = 2 carries charge 10mr nC/m, calculate E at (1,1,—1) due to
the three charge distributions.

Planes x = 2 and y = 3, respectively, carry charges 10 nC/m? and 15 nC/m?. If
the line x = 0, z = 2 carries charge 107 nC/m is rotated through 90° about the
point (0,2,2) so that it become z =0, y = 2, find E at (1,1,—1).

Charges +@Q and 43 separated by a distance 2 m. A third charge is located
such that the electrostatic system is in equilibrium. Find the location and the
value of the third charge in terms of Q.

A point charge Q is located at point P(0,—4,0), while a 10 nC charge is uniformly
distributed along a circular ring as shown in the next Figure. Find the value of @
such that E(0,0,0) = 0.




10. (a) Show that the electric field at point (0,0,h) due to the rectangle described
by —a<z<a, —b<y<b, =0 carrying uniform charge ps C/m? is

Ps ¢ _1[ CLb
n
TEQ ¢ h(a2 4+ b2 + h2)1/2

E(0,0,h) = la.

(b) If a =2, b=>5, ps = 107>, find the total charge on the plate and the electric
field intensity at (0,0, 10).



ELECTRIC FLUX DENSITY



Electric Field Intensity

The electric field intensity at point 7 due to a point charge located at = is readily
obtained from eq.(1),

F=_ @ 5. Q-7 (1)
AmeoR2 4reg | 7— 17 |3

For N point charges 01, Qo, ..., Qn lOocated at r1,7,...,7n, the electric field intensity at
point 7 is obtained from eqgs. (2) and (3) as

Q1(F— 71) n Q2(7 — ) NI Qn(TF—TnN) (2)

Areg | F—71 |3 4dmweo |7 — 72 |3 Areg | 7 — 7N |3

E =

or

471‘80 |77—Fk |3

N L.
7 1 ZQk(?‘—Tk) (3)
k=1



Electric Field Intensity

e For a linear charge density p, (C/m), the elemental charge dQ = p; d¢ and the
differential field at a point P would be

pedl

dE = """ 3§
AmreqR2 R

(4)
* P(xy.2)
R

P,
dQ=p,dt

L

The total field at the observation point P is obtained by integrating over the line or
curve L

= P QR
E ———d/ 5
/L AeoR? (5)



Electric Field Intensity

e For a surface charge density ps (C/m?), the elemental charge dQ = p;dS and the
differential field at a point P would be

psds
——a
AmreqR2 R

dE = (6)

The total field at the observation point P is obtained by integrating over surface S

Ps QR
= 7
/47‘(‘80R2 (7)



Electric Field Intensity

e For a volume charge density p (C/m?3), the elemental charge dQ = p, dv and the
differential field at the point P would be

pydV

dE = a (8)

Amreq R2 R

The total field at the observation point P is obtained by integrating over volume v

PV AR aR
— 9
/ 47T60R2 ()



Electric Flux Density

e Egs. (1) to (9) show that the electric field intensity is dependent on the medium
in with the charge is placed (free space in this case ¢q).

o Electric field E is perpendicular to area A: the angle between E and line perpen-
dicular to the surface is zero.

e The flux is &y = FA.



Electric Flux Density

e Area A is tilted at an angle ® from the perpendicular to E.

e The flux is &y = FAcos(P).



Electric Flux Density

e Area A is parallel to E (tilted at 90° from the perpendicular to E).

e The flux is ®p = EAcos(90°) = 0.



Electric Flux Density

e Suppose a new vector field D is defined by

—

D = eoE (10)

e The electric flux ¥ in terms of D is

W:/ﬁ-dﬁ (11)

e The electric flux is measured in coulombs. The vector field D is called the electric
flux density and is measured in coulombs per square meter.




GAUSS'S LAW - MAXWELL'S EQUATION



Gauss'’'s Law

e Gauss’s law constitutes one of the fundamental laws of electromagnetism.
Gauss’s law state that the total electric flux ¥ through any closed surface is
equal to the total charge enclosed by that surface

e Thus
U = Qene (12)
e That is,
w:%dwzj{ﬁ-ds“*:
total charge enclosed Q = / pydV (13)
1%
e Or

Q:y{ﬁ-dngpvdv (14)
S |%



Gauss's Law

e By applying divergence theorem to the middle term in eq (14), we have
fﬁ-d§=/v-ﬁdv (15)
s 1%
e Comparing the two integrals results is

e Eqg (16) is the first of the four Maxwell’s equations to be derived.

e T his equation states that the volume charge density is the same as the divergence
of the electric flux density.

e Equations (14) and (16) are basically stating Gauss’s law in different ways; eq.
(14) is the integral form, whereas eq. (16) is the differential or point form of
Gauss’'s law.

e Gauss’'s law provides an easy means of finding E or D for symmetrical charge
distributions such as a point charge, an infinite line charge, an infinite cylindrical
surface charge, and a spherical distribution of charge.



Gauss’s Law

e The divergence of a static field is used to determine when a region has sources
(net positive charge) or sinks (net negative charge). By definition, the divergence
of the electric lux density at a point P is

. . D -dS
divD =V -D = lim o D5 _ M:p (17)
AV—0 AV AV—0 AV

where S is the boundary of AV.

e For a general vector /T, the definitions for the divergence in the three coordinate
systems of interes are:

an aAy aAZ
18
ox T oy T 0z (18)

N

Cartesian : V-

- ]- Ar 1 A Az
Cylindrical :  v.A=12rA) | 104 | O

(19)
r Or r O 0z

_ - 10(r%A)) 1 9(Agsind) 1 0Ay
Sph | : V- A=———2% 20
pherica r2  Or T rSin @ 00 T rsin@ O¢ (20)




APPLICATIONS OF GAUSS'S LAW



Gauss's Law

e For applying Gauss's law to calculate the electric field involves first knowing
whether symmetry exist.

e Once it has been found that symmetric charge distribution exit, we construct a
mathematical closed surface (known as Gaussian surface).

e The surface is chosen such that D is normal or tangential to the Gaussian surface.

e When D is normal to the surface, D -dS = DdS because D is constant on the
surface.

e When D is tangential to the surface, D-dS = 0.

e T hus we must choose a surface that has some of the symmetry exhibited by the
charge distribution.



Problems

NOTE: The integral and point forms of Gauss' law are related by the divergence
theorem given by

(U % D-dS = /(V : ﬁ)dv = / pvdV = Qenclosed (21)
S 1% 14

where S is the closed surface boundary of the volume V.

1. Example: In the region 0 <r <1 m, D= (—=2x10"%/r) a, (C/m?2) and for r > 1
m, D = (=4x1074/r2) &, (C/m?2) in spherical coordinates. Find the charge density
in both region.

2. Charge in the form of a plane sheet with density p; = 40 (uC/m?) is located at
z = —0.5 (m). A uniform line charge of p, = —6 (uC/m) lies along the y—axis.
What net flux crosses the surface of a cube 2 (m) on an edge, centered at the
origin of coordinate system?

3. Determine the flux crossing a 1 mm by 1 mm area on surface of a cylindrical shell
atr=10m, z=2m, ¢y =53.3° if D=2z a4, +2(1 —y) a, + 4z a..



ELECTRIC POTENTIAL



Electric Potential

e We can obtain the electric file intensity E due to a charge distribution from
Coulomb’s law in general or, when the charge distribution is symmetric, from
Gauss’s law.

e Another way of obtaining E is from the electric scalar potential V.

e In a sense, this way of finding E is easier because it is easier to handle scalars
than vectors.

e Suppose we wish to move a point charge Q from point A to point B in a electric
field E as show in Figure 1.

» S
!
P &

Figure 1 Displacement of point charge @ in an electric field E.



Electric Potential

e From Coulomb'’s law, the force on Q is F = QF so that the work done in displacing
the charge by dl is

dW = —F - dl = —QE - d¢ (1)

The negative sing indicate that the work is being done by external agent.

e Thus the total work done, or the potential energy required, in moving ¢ from A
to B, is

B
W:_Q/ E.dl (2)
A

e Dividing W by @ in eq. (2) gives the potential energy per unit charge. This
quantity, denoted by Vg, is known as the potential difference between points A
and B. Thus

1% B,
VAB=—=—/ 7. di (3)
Q A



Electric Potential

Note that:
e In determining Vg, A is the initial point while B is the final point.

e If V,p is negative, there is a loss in potential energy in moving Q from A to B;
this implies that the work is being done by the field.

o If V,p is positive, there is a gain in potential energy in the movement; an external
agent performs the work.

e V,p is independent of the path taken (to be shown a little later).

e V,p is measured in joules per meter, commonly referred to a volts (V).



Electric Potential

As an example, if the E field in Figure 1 is due to a point charge @) located at the
origin, then

M}

(4)

so eq.(3)

B r
— — B 1 1
VAB:_/ Edg:_/ Q ar - dra, = Q [ - ] (5)
r, Ameor? 4meg T TA



Electric Potential

or
Vag = Vi — Vi (6)

where Vg and V4 are the potentials (or absolute potentials) at B and A, respectively.

e Thus the potential difference V4 may be regarded as the potential at B with
reference to A.

e Note from eq. (5) that because E points in the radial direction, any contribution
from displacement in the 6 or ¢ direction is wiped out by the dot product E -df =
FE cosadlé = Edr, where o is the angle between E and df. Hence the potential
difference Vg is independent of the path as asserted earlier.

e In general, vectors whose line integral does not depend on the path of integration
are called conservative. This E is conservative.



Electric Potential

e The potential at any point (rg — r) due to charge @ located at the origin is

Q

Ameor

V= (7)

e T he potential at any point is the potential difference between that point and a
chosen point (or reference point) at which the potential is zero.

e In other words, by assuming zero potential at infinity, the potential at a distance
r from the point charge is the work done per unit cherge by an external agent in
transferring a test charge from infinity to that point. Thus

V:—ffdf (8)

oo



Electric Potential

e If the point charge Q in eq. (7) is not located at the origin but at a point whose
position vector is 7, the potential V(z,y,2) or simply V(¥) at ¥ becomes

v=_—_9 (9)

47T€0|’I7—?:7

e T he superposition principle, wich we applied to electric field, applies to poten-
tial. For n point charges Q1,Q»,...,Q, located at points with position vectors
r1,72,...,Tn, the potential at 7 is

V() = @ 4 @2 44 @n (10)
4reg | F—T1| Ameo | T — T2 | Areg | 77— T |
or
1 < Qr .
V(r) = — oint charges 11
D= s 2o P ? (1)



Electric Potential

e For continuous charge distribution, we replace @ in eq. (11) with charge element
pedl, psdS, or pydV and the summation becomes an integration, so the potential
at ¥ become

1 i) de
V(r) = /pgfr)_, line charge (12)
dreg Jr | T— T
1 ) dS'
V(7)) = /'OSET)# surface charge (13)
Areg Jg | T — T
1 7)) dV'
V(r) = / p‘/fr)q volume charge (14)
4reg Jy |7 —17 |

where the primed coordinates are used customarily to denote source point location
and the unprimed coordinates refer to field point (the point at which V is to be
determined).



Electric Potential

The following points should be noted:

e We recall that in obtaining egs. (7) to (14), the zero potential (reference) point
has been chosen arbitrarily to be at infinity. If any other point is chosen as
reference, eq.(9), for example, becomes

Q

Ameor
where C is a constant that is determined at the chosen point of reference. The
same idea applies to (9) to (14).

V= +C (15)

e The potential at a point can be determined in two ways depending on whether
the charge distribution or E is known. If the charge distribution is known, we use
on of the (7) to (14) depending on the charge distribution.

o If E is known, we simply use

v:—/E.dZ+C (16)

e The potential difference V4 can be found generally from

B, L W
VABZVB—VAZ—/ FE -dl = — (17)
A Q



RELATIONSHIP BETWEEN E and V



Relationship between E and V

e T he potential difference between points A and B is independent of the path taken.
Hence

VBa = —VanB
that is, Vga+ Vap=§ E-dl =0 or

%E.dizo (18)
L

This shows that the line integral of E along a closed path as shown in Figure 3,
must be zero.

Figure 3 The conservative nature of an electric field.



Relationship between E and V

e Physically, this implies that no net work is done in moving a charge along a closed
path in an electrostatic field.

e Applying Stokes's theorem to eq.(18) gives

ﬁﬁ-dngs(vxﬁ)-d;g::o (19)

or

—

VxE=0 (20)

e Any vector field that satisfies €q.(19) or eq.(20) is said to be conservative, or
irrotational.

e In other words, vectors whose line integral does not depend on the path of inte-
gration are called conservative vectors.

e Thus an electrostatic field is a conservative field. Equations (19) or (20) is
referred as Maxwell's equation (the second Maxwell equation to be derived) for
static electric field.



Relationship between E and V

e Equation (19) is the integral form, and eq. (20) is the differential form; they
both depict the conservative nature of and electrostatic field.

e From the way we defined potential, V = — fE - df, it follow that

dV = —F - dl = —E,dx — E,dy — E.dz (21)

e But from calculus of multivariables, a total charge in V(z,y,z) is the sum of
partial charges with respect to z,y, z variables:

v =Y+ Y+ Y. (22)
ox Oy 0z

e Comparing eqgs. (21) and (22)
E=-VV (23)
that is, the electric field is the gradient of V.



Relationship between E and V

e The negative sign shows that the direction of E is opposite to the direction in
which V increases; E is directed from higher to lower levels of V.

e Equation (23) shows another way to obtain E field apart from using Coulomb'’s
or Gauss's law.

e One may wonder how one function V can possibly contain all the information
that the three components of E carry.



Problems

1. An electrostatic field is given by E = %—I— 2y a; + 2z a,. Find the work done in
moving a point charge Q = —20uC
(a) From the origin to (4,0,0) m.
(b) From (4,0,0) m to (4,2,0) m.
(¢) From (4,2,0) m to (0,0,0) m.

2. Two point charges —4uC and 5uC are located at (2,—1,3) and (0,4, —2), respec-
tively. Find the potential at (1,0,1).

3. A total charge of 40/3 nC is uniformly distributed in the form of a circular disk
of radius 2m. find the potential due to the charge at point of the axis, 2m from
the disk.

4. A point charge of 5 nC is located at (—3,4,0), while line y = 1, z = 1 carries
uniform charge 2 nC/m.
(a) If V. =0 V at 0(0,0,0), find V at A(5,0,1).
(b) If V =100 V at B(1,2,1), find V at C(-2,5,3).
(c) If V.= —5 V at O, find Vge.



Problems

1. Given the potential V = 12sin6cos ¢,
(a) Find the electric flux density D at (2,7/2,0).
(b) Calculate de work done in moving a 10 uC charge from point A(1,30°,120°)
to B(4,90°,60°).



Energy Density in Electrostatic Fields



Energy Density in Electrostatic Fields

e To determine the energy present in a assembly of charges, we must first determine
the amount of work necessary to assemble them.

e Suppose we wish to position three point charge @1, @2 and Qs in an initially
empty space shown shaded in Figure 1.

Figure 1 Assembling of charges.

e NO work is required to transfer Q1 from infinity to P; because the space is initially
charge free and there is no electric field.

B
W=—Q1/ E-dl=0 (1)
A



Energy Density in Electrostatic Fields

e The work to transferring Q> from infinity to P is equal to the product of (> and
the potential Vo1 at P> due to Q;:.

e Similarly, the work done in positioning Q3 at Ps is equal to Q3(Vz> + V31), where
V3o and V31 are the potentials at P3s due Q> and @1, respectively.

e Hence the total work done in positioning the three charges is

Wg = Wi+ Wo+ W3
= 04 Q2Vo1 + Q3(Vz1 + Va2) (2)

e If the charges were positioned in reverse order,
Wg = Ws+Wr+ W,
= 0+ Q2Voz + Q1 (Viz + Vi3z) (3)

where Vb3 is the potential at P due to @3, Vi> and Viz are, respectively, the
potential at P; due to Q2 and Qs.



Energy Density in Electrostatic Fields

e Adding egs. (2) and (3) gives

2WEg = Q1(Viz + Viz) + Q2(Va1 4+ Va3) + Q3(Va1 + Vao)
= Q1V1+ Q2Vo+ Q3V3 (4)

Wg = %(lel + Q2Vo + Q3V3) (5)

where Vi, Vo and V3 are the total potentials at P;,P and Pz, respectively.

e In general, if there are n point charges, eq.(5) become

1 < o
Wg = 5,;Qka ( in joules) (6)



Energy Density in Electrostatic Fields

e If, instead of point charges, the region has a continuous charge distribution, the
summation in eq.(6) becomes integration; that is,

1
Wg = E/ngdE (line chrage) (7)
L
1
Wg = 5/pSVdS surface chrage (8)
S
1
Wg = E/pVde/ volume chrage (9)

e Since p, =V - D, eq.(9) can be further developed to yield

1 "
Wi = 5/(V~D)Vdu volume chrage (10)

e But for any vector A and escalar V, the identity V- VA= A-VV +V(V - A) or

(V-A)V=V-VA-A.VV (11)
holds.



Energy Density in Electrostatic Fields

e Applying the identity in eq.(11) to (10), we get

WEZ%/V(V-ﬁ)\/dy:%/V(V-Vﬁ)dy—%/y(ﬁ-VV)du (12)

e But applying divergence theorem to the first term on the right-hand side of this
equation, we have

1 - -1 .
WE:Eji(VD)-dS—E/V(D.VV)dV (13)

e Hence, eq.(13) reduce to

WE:—%/V(ﬁ-VV)du:%/V(ﬁ-E)dV (14)

e and since E = —VV and D = g E

1 [, =~ =
WE=§/(D-E)dV: /SOEQdV (15)



Energy Density in Electrostatic Fields

e From this, we can define electrostatic energy density wg (in J/m3) as

D -E = ZeggE? = — (16)

e SO eq.(14) may be written as

Wy — / windy (17)



MAGNETOSTATICS



Magnetostatic
e In the last sections, we limited our discussions to static electric fields characterized
by E or D.

e We now focus our attention on static magnetic fields, which are characterized by
H or B.

e T here are similarities and dissimilarities between electric and magnetic fields.

e As E and D are related according to D = ¢E for linear, isotropic material space,
H and B are realted according to B = uH



Magnetostatic

e Analogy between Electric (D = ¢E) and Magnetic Fields (B = pH).

Flux density
Relationships between fields

Potentials

Flux

Energy density

Poisson’s equation

Term Electric Magnetic
Basic laws F =g, dB = ”ﬂfgfr
$D-dS = Qenc | § H-dl'= Ienc
Force law F=QE F=QuxB
Source element dQ Qu = Id¢
Field intensity E=%Y(vV/m) | H=1 (A/m)

B =uH
H=-VV, (J=
Id¢

A fljhrR
= [B-dS
v =LI
— rdl
v=L4




Magnetostatic

e A definite link between electric and magnetic fields was established by Hans Chris-
tian Oersted (1777-1851) in 1820, Danish professor of physics.

e As we have noticed, an electrostatic field is produced by static or stationary
charges.

e If the charges are moving with constant velocity, a static magnetic (or magneto-
static) field is produced.

e A magnetostatic field is produced by a constant current flow (or direct current).

e This current flow may be due to magnetization currents as in permanent magnets,
electron-beam currents as in vacuum tubes, or condition currents as in current-
carrying wires.

e In this section, we consider magnetic fields in free space due to direct current.
Motors, transformers, microphones, compasses, telephone bell ringers, television
focussing controls, advertising displays, magnetically levitated high-speed vehicles,
memory store, magnetic separators, and so on, which play an important role in
our everyday life, could not have been developed without an understanding of
magnetic phenomena.



Magnetostatic

e There are two major laws governing magnetostatic fields: (1) Biot-Savart’s law,
and (2) Ampere's law.

e Like Coulomb’s law, Biot-Savart’s law is the general law of magnetostatics.
e Just as Gauss’'s law is a special case of Coulomb’s law, Ampeére’'s law is a special

case of Biot-Savart's law and is easily applied in problems involving symmetrical
current distribution.



Biot-Savart's Law

e Biot-Savart law states that the differential magnetic field intensity dH produced
at a point P, as shown in Figure 1, by the differential current element Id¢ is
proportional to de product Id¢ and the sine of the angle o between the element
and the line joining P to the element and is inversely proportional to the square
of the distance R between P and the element.

dH  (in word)

Figure 1 Magnetic field dH at P due to current element Id/.

e Thatis,

Idlsin «
dH = —— 1
41 R? (1)



Biot-Savart’'s Law

e From the definition of cross product, it is easy to notice that eq.(1) is better put
in vector form as

Idlx ag _ Idl x R
AtR?2  4rR3
where R =| R | and @z = R/R; R and d¢ are illustrated in Figure 1.

dH = (2)

e The direction of dH can be determined by the right-hand rule with the right-
hand thumb pointing in the direction of the current and the right-hand fingers
encircling the wire in the direction of dH as shown in Figure 2.

dH

{a) (b)

Figure 2 Determining the direction of dH using (a) the right-hand rule or (b) the
right-handed-screw rule.



Biot-Savart's Law

e Just as we can have different charge configurations, we can have different current
distributions: line current, surface current, and volume current as shown in Figure

Y

Kds

(b} {c)

Figure 3 Current distributions: (a) line current, (b) surface current, (c) volume current.

o If we define K as the surface current density in A/m and J as the volume current
density in A/m?, the source element are related as

Idl = KdS = JdV (3)



Biot-Savart's Law

e Thus in terms of the distributed current source, the Biot-Savart law as in eq.(2)

become
Idl x
= / aR line current (4)
, KdS x a
H = YR surface current (5)
S 47TR2
- JdV x @
H:/ YR yolume current (6)
471 R2

where agr IS a unit vector pointing from the differential element of current to the
point of interes.



Biot-Savart's Law

e Circular lop of radius p, carries a direct current I

T2+ 22

Ip .

(7)
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Biot-Savart's Law

e A solenoid of length ¢, radius a and N turns of wire carries current 1.

- IN

2\/a2+§

¢>>a, H=="a, (10)



AMPERE’'S CIRCUIT LAW



- , . .
Ampere’s circuit law
e States that the integral of H around a closed path is the same as the net current
L.,.. enclosed by the path.

e In other words, the circulation of H equals L,.: that is,

jfﬁ.dZ: Iene (1)

e Amper’'s law is similar to Gauss's law, since Ampeér’s law is easily applied to
determine H when the current distribution is symmetrical.

e By applying Stoke's theorem to the left-hand side of eq. (1), we obtain

Ienczj[ﬁ-dfz/(vXﬁ).dg (2)
¢ S



Ampere’'s circuit law

e But
Ienc — / f’ dS—), (3)
S

where J is current density.

e Comparing the surface integrals in eqgs. (2) and (3) clearly reveals that

VxH=1J (4)

e This is the third Maxwell's equation to be derived; it is essentially Ampeére’s law
in differential (or point) form, whereas eq. (1) is the integral form.

e From eq. (4), we should observe that V x H = f;é 0; that is a magnetostatic
field is not conservative.



MAGNETIC FLUX DENSITY



Magnetic Flux Density

e The magnetic flux density B is similar to the electric flux density D.

o As D = EOE in free space, the magnetics flux density B is related to the magnetic
field intensity H according to

— —

B = uH (1)

where u, is a constant known as the permeability of free space. The constant is
in henrys por meter (H/m) and has the value of

to =4m x 107" H/m (2)

e T he magnetic flux through a surface S is given by
wzfgdg (3)
S

where the magnetic flux 1 is in Webers (Wb) and the magnetic flux density is in
Webers per square meter (Wb/m?) or Tesla (T).



Magnetic Flux Density

Figure 1 Magnetic flux



Magnetic Flux Density

e A magnetic flux line is a path to which B is tangential a every point on the line.

Figure 2: a) Electric Dipole and b) Magnetic Dipole



Magnetic Flux Density

e In an electrostatic field, the flux passing through a closed surface is te same as
the charge enclosed; that is ¢ = §,E - dS = Q.

e Thus it is possible to have an isolate electric charge as shown in Figure 3a).

e Which also reveals that electric flux lines are not necessarily closed.

Figure 3: a) Isolate electric charge and b) Magnetic Dipole



Magnetic Flux Density

e Unlike electric flux flied, magnetic flux lines always close upon themselves as in
Figure 3b).

e This is because it is not possible to have isolated magnetic poles (or magnetic
charges).

e And isolated magnetic charge does not exist. Thus the total flux through a closed
surface in @ magnetic field must be zero; that is, ¢ = 3@55 .dS = 0.

e
w \/
¥ b ,f = .
- -"::---_ -‘:t".

7 vV il ’
J". {.., ."i‘.. \'\
i' '\ ~..

' S
{ | '
\ \ i
\ \ J
N N 7
-\'\_H‘ .___,.,-""
’_ I

Figure 3: a) Isolate electric charge and b) Magnetic Dipole



Magnetic Flux Density

w:%é.cﬁzo (4)
S

e This equation is referred to as the law of conservation of magnetic flux or Gauss’s
law for magnetostatic fields.

e By applying the divergence theorem, we obtain

¢:}1{§-d§:/V-§dV:O (5)
S |4

or

V-B=0 (6)



MAGNETIC SCALAR AND VECTOR POTENTIALS



Magnetic scalar and vector potentials

e The magnetic flux through a surface S is given by
w:/é.d§ (11)
S

where the magnetic flux ¢ is in Webers (Wb) and the magnetic flux density is in
Webers per square meter (Wb/m?) or Tesla (T).

e The vector magnetic potential A (in Wb/m) such that
B=VxA (12)

e By substituting eq. (12) in to eq.(11) and applying Stokes’'s theorem, we obtain

¢=/§.d§=/<w@.d§:j§g.d2 (13)
S S l



Magnetic scalar and vector potentials

e We can define

- OI d? .
A= /M for line charge (8)
¢/ 47TR
OK dsS
= / K for surface current (9)

- Ojd
A= /M Y for volume current (10)
, 4mR



Magnetic scalar and vector potentials

e We known that for magnetostatic field V- B = 0.

e To satisfy last eq. and eq. (2) simultaneously, we can define the vector magnetic
potential A (in Wb/m) such that

B=VxA (6)
e Just as we define
d
V= / @ )
Ameor



Magnetic scalar and vector potentials

e Just as E = —VV, we define the magnetic scalar potential Vi, (in amperes) as
related to H according to

H=-VV, if J=0 (3)

e The condition attached to this equation is importan. Combining eq. (3) and
V x H=J give
J=VxH=Vx(-VVy,) =0 (4)

since V,, must satisfy the condition in eq. (1).

e Thus the magnetic scalar potential V,, is only defined in a region where J =0 as
eq. (3).

e \We should also note that V,, satisfies Laplace’s equation just V does for electro-
static field; hence,

V2V, = 0, (J =0) (5)



Magnetic scalar and vector potentials
e We recall that some electrostatics field problems were simplified by relating the
electric potential V to the electric field intensity E (E = —VV).
e Similarly, we can define a potential associated with magnetostatic field B.
e In fact, the magnetic potential could be scalar V,, or vector A.

e To define V,, and A involves recalling two important identities
Vx(VV)=0 (1)

V- (VxA)=0 (2)

which must always hold for any scalar field V and vector field A,



Maxwell’'s equations for statics fields

Differential (or Point) Form

Integral Form

Remarks

. D

V-D=py,
V-B=0
VxE=0
VxH=1J

st_) dsS = fypydz/
$B-dS =
$E-dl=0

Gauss’'s law

Nonexistence of magnetic monopole

Conservative nature of electrostatic field

Ampere's law




Gauss’s law for electric fields



« I he integral form of Gauss’'s law

j{E Aida = ¢
S €0

The left side of this equation is no more than a mathematical description of the
electric flux - the number of electric field lines - passing through a closed surface S,
whereas the right side is the total amount of charge contained within that surface
divided by a constant called the permittivity of free space.

¥ Electric charge produces an electric field, and the flux of that field passing through
any closed surface is proportional to the total charge contained within that surface.



o« | he differential form of Gauss's law

v.E=2F

€0

The left side of this equation is a mathematical description of the divergence of the
electric field - the tendency of the field to “flow" away from a specified location - and
the right side is the electric charge density divided by the permittivity of free space.

* The electric field produced by electric charge diverges from positive charge and
converges upon negative charge.



Gauss’s law for magnetic fields



« I he integral form of Gauss’s law

fé-ﬁda:o
S

In this case, Gauss's law refers to magnetic flux - the number of magnetic field lines
- passing through a closed surface S. The right side is identically zero.

% The total magnetic flux passing through any closed surface is zero.



o« | he differential form of Gauss's law

V-BE=0

The left side of this equation is a mathematical description of the divergence of the
magnetic field - the tendency of the magnetic field to “flow’” more strongly away from
a point than toward it - while the the right side is simply zero.

% The divergence of the magnetic field at any point is zero.



Faraday’'s law



« I he integral form of Faraday's law

— — d —
j{E-dlz—— B - nda
C dt Js
d —>
emf = ——/B-ﬁda (Flux rule)
dt Jg

% Changing magnetic flux through a surface induce an emf - motional electromotive
force - in any boundary path of that surface, and changing magnetic field induces a
circulating electric field.

- OB
% E-dl=— [ — -nda (alternate form)



o« [ he integral form of Faraday’s law
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« [ he differential form of Faraday’s law

. 0B
VxE=_-"2
ot

The left side of this equation is a mathematical description of the curl of the electric
field - the tendency of the field lines to circulate around a point. The right side
represents rate of change of the magnetic field over time.

% A circulating electric field is produced by a magnetic field that changes with time.



Ampere-Maxwell law



« I he integral form of the Ampere-Maxwell law

L d [ -
]{B-dl zuo(lenc—l—eo—/E~ﬁda)
C dt Js

The left side of this equation is a mathematical description of the circulation of the
magnetic field around a closed path C. The right side include two sources for the
magnetic field; a steady conduction current and a changing electric flux through any
surface S bounded by path C.

% An electric current or a changing electric flux through a surface produces a circu-
lating magnetic field around any path that bounds that surface.



o« I he integral form of the Ampere-Maxwell law
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« [ he differential form of the Ampere-Maxwell law

V x B = po(J + €oa—E)

ot
The left side of this equation is mathematical description of the curl of the magnetic
field - the tendency of the field lines to circulate around a point. The two terms on
the right side represent the electric current density and the time of change of the
electric field.

% A circulating magnetic field is produced by an electric current and by an electric
field that changes with time.



From Maxwell’'s Equations to the wave equation



Gauss’s law for electric fields:

E  Ada = denc D’ivergence> v E _ ﬁ
IS €0 theorem €0

Gauss’s law for magnetic fields:

7{ B-fida =0 Divergence, V-B=0
S theorem
Faraday’s law:
= - d — okes’ — 85
%E-z:—— B - fda Stokes' VxE=_-""
c dt IS theorem ot

Ampere-Maxwell law:

=7 d = okes’ = g aE_;
%B-dlz,uo(lenc—i—so—/E-nda) Stokes', V x B = puo(J+ e0—0)
C dt S theorem Ot



« I he wave equation for electric and magnetic fields:

, O2F
V2E = pne
HOEQD atQ
, 2B
V2B = upeo

Ot2



« Generalizing Amepere’s Law

%g ’ Ciz — /’LO(Iencl)
¢

The problem with Ampere’'s law in this form is that it is imcomplete. To see why,
let’'s consider the process of charging a capacitor.

Conducting wire lead current i into plate and out of the other; the charge @ increases,
and the field E between the plates increases.

The notation i¢ indicate conduction current to distinguish it form another kind of
current we are about to encounter, called displacement current 1p.

Let's apply Ampere's law to the circular path shown. The integral §C§-JZ around this
path equals po(Lener)-

Path for

Ampere’s law
fEu] ging surface
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« Generalizing Amepere’s Law

For the plate circular area bounded by the circle, 1., is just the current 7¢ in the left
conductor.

But the surface that bulges out to the right is bounded by the same circle, and the
current through that surface is zero.

So fcé-cfl is equal to uo(I.ne), and the same time it is equal to zero! This is a clear
contradiction. However, something else is happening on the bulged-out surface.

Path for
Ampere’s law

f,fBu] ging surface

R — R
B +\.|".| A—

i di [+ ol LE- R i

L — ' | N ——
o _IJI
4+ - _

| Ll — o

Plane 0 —0



« Generalizing Amepere’s Law

As the capacitor charges, the electric field E and the electric flux bz through the
surface are increasing. We can determine their rate of charge in terms of the charge
and current. The instantaneous charge is ¢ = Cu, where C' is the capacitance and
u is the instantaneous potential difference. For a parallel-plate capacitor C = egA/d,
where A is the plate area and d is the spacing. The potential difference u between
plates is u = FEd, where E is the electric-field magnitude between plates. If this region
is filled with a material with permittivity ¢, we replace ¢y by e everywhere.

Path for
Ampere’s law

f,fBu] ging surface
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« Generalizing Amepere’s Law

Substituting these expressions for C' and u into ¢ = Cu, we can express the capacitor
charge ¢ in terms of the electric flux &gy = EA through the surface:

A
g=Cu= %(Ed) — by (1)

As the capacitor charges, the rate of charge of ¢ is the conduction current, ic = dq/dt.
Taking the derivative of Eq.(?7?) with respect to time, we get
L dq L dCDE

_ 49 _ >
at  Cat (2)

1c
Stretching our imagination a bit, we invent a fictitious displacement current zp in
the region between the plates, defined as

dPp
ip=e— (3)

Path for
Ampere’s law
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« Generalizing Amepere’s Law

That is, we imagine that the changing flux through the curved (bulged-out) surface
IS equivalent, in Ampere's law, to a conduction current through that surface.

jéé -dl = po(ic +ip) (4)

Ampere’s law in this form is obeyed no matter which surface we use in Figure. For
the flat surface, ip is zero; for the curved surface, i is zero; and i for the flat surface
equals ip for the curved surface. Equation (??) remains valid in a magnetic material,
provided that the magnetization is proportional to external field and we replace ug by

L

The fictitious displacement current zp was invented in 1865 by the Scottish physicist
James Clerk Maxwell. There is a corresponding displacement current density jp =
ip/A; using @y = EFA and dividing Eq.(??) by A, we find

dE
6_
dt

jp =

(5)



o« I he Reality of Displacement Current

You might well ask at this point whether displacement current has any real physical
significance or whether it is just a ruse to satisfy Ampere’s law. Here's a fundamental
experiment that help to answer that question.

We take a plane circular area between the capacitor plates. If displacement current
really plays the role in Ampere’'s law that we have claimed, then there ought to be a
magnetic field in the region between the plates while the capacitor is charging. We
can use our generalized Ampere's law, including displacement current, to predict what
this field should be.




o« I he Reality of Displacement Current

To be specific, let's picture round capacitor plates with radius R. To find the magnetic
field at a point in the region between the plates at a distance r from the axis, we
apply Ampere’s law to a circle of radius r passing through the point, with »r < R. The
circle passes through points a and b. The total current enclosed by the circle is jp
times its area, or (ip/mR?)(wr?).

The integral foé . dl in Ampere's law is just B times the circumference 27r of the
circle, and because ip = i for the charging capacitor, Ampere’'s law become

j{ B-dl = 2mrB = po—ic (6)
C
or

B=12"c (7)

This result predict that in the region between the plates B is zero at the axis and
increases linearly with distance from the axis. A similar calculation shows that outside
the region between the plates (that is, for »r > R), B is the same as though the wire
were continuous and the plates no present at all.

When we measure the magnetic field in this region, we find that it really is there and
that it behaves just as Eq.(?7?) predict. This confirm directly the role of displacement
current as a source of magnetic field. It is now established beyond reasonable doubt
that Mexwell’'s displacement current, far from being just an artifice, is a fundamental
fact of nature.





